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Abstract. Define a tree T in the boundary of Outer Space to be arational 
if T is indecomposable and if no measured lamination which annihilates T is 
supported in a free factor. We show that the Gromov boundary of the free 
factor graph can be identified with the space of arational trees equipped with 
a measure forgetful topology. 



1. Introduction 

A free factor in the free group F n with n generators is a proper subgroup A of 
F n so that F n can be represented as a free product F n — A * B for some proper 
subgroup B of F n . 

The free factor graph is the graph J- J- whose vertices are conjugacy classes of 
free factors and where two free factors A, B are connected by an edge of length one 
if and only if up to conjugation, either A < B or B < A. The free factor graph is 
hyperbolic in the sense of Gromov |BFllj . The outer automorphism group Out(F n ) 
of F n acts on FT as a group of simplicial isometries. 

The goal of this note is to determine the Gromov boundary of the free factor 
graph. 

Denote by dF n the ideal boundary of F n . This boundary is a compact F„-space, 
and each element of F n fixes precisely two points in dF n . The set of all pairs of 
fixed points of all elements in a given conjugacy class is a locally finite i 7 ^- invariant 
subset of the complement of the diagonal A in dF n x dF n . 

The space MC of measured laminations on F n is the space of all locally finite 
F n - invariant flip invariant Borel measures on the complement of the diagonal A 
in dF n x dF n which are limits in the weak* -topology of atomic measures whoses 
supports consist of all pairs of fixed points of all elements in some primitive conju- 
gacy class. The projectivization VMjC of MC is a compact minimal Out(F n )-space 
[KLTTF] . 

The Gromov boundary OA of a free factor A < F n is naturally an A-invariant 
compact subspace of dF n . We say that a measured lamination /i is supported in 
a free factor A of F n if the support Supp(/i) of /i is contained in the F n -orbit of 
OA x dA - A c dF„ x dF n - A. 
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Let cv(F n ) be the unprojectivized Outer space of minimal free simplicial F n - 
trees, with its boundary dcv(F n ) of all minimal very small F„-trees |CL95| IBF92] . 
Write cv(F n ) — cv(F n ) U dcv(F n ). There is a continuous intersection form (, ) : 
cv(F n ) x MC -> [0, oo) |KL09j . If T £ cv(F n ) is free simplicial then (T, li) > for 
all (tx. 

An action of F n on an R-tree T is called indecomposable if for any finite, non- 
degenerate arcs I, J C T, there are elements gi, . . . , g r £ i 7 ^ so that 

J CgilU---Ug r I 

and such that ^,-7 n gi+il is non-degenerate for i < r — 1 (Definition 1.17 of |G08) ) . 
By Lemma 1.18 of G08 , the F„-orbits on an indecomposable tree are dense. 

Denote by CV(F n ) the projectivization of cv(F n ), with its boundary dCV(F n ). 
The union CV(F n ) = CV(F n ) U <9CV(F n ) is a compact space. The outer auto- 
morphism group Out(-F„) of F n acts on CV(F n ) as a group of homeomorphisms 
preserving the boundary dCV(F n ). An irreducible element of Out(.F n ) with irre- 
ducible powers fixes precisely two points in dCV(F n ) |LL03j . 

Definition. A projective tree [T] £ dCV(F n ) is arational if a representative T of 
[T] has the following properties. 

(1) T is indecomposable. 

(2) Let li £ MC be any measured laminations with (T, fi) — 0. Then \x is not 
supported in a proper free factor of F n . 

The space FT C dCV(F n ) of arational trees is Out(F n )-invariant, but it is 
not closed. It contains all fixed points of irreducible automorphisms of F n with 
irreducible power. 



If T £ cv(F n ) then denote by[T] £ CV(F„) the projectivization of T. Let ~ be 
the smallest equivalence relation on FT with the property that [S] ~ [T] if there 
is a measured lamination ji £ MC such that (T, ll) — (S, fi) = 0. 

We equip FT/ ~ with a measure forgetful topology. In this topology, a sequence 
[2i] C FT I ~ converges to [T] £ ^"T/ ~ if and only if the following holds true. Let 
\p,i] C VMC be a sequence of projective measured laminations so that (Tj, fii) = 
for all i. By passing to a subsequence, assume that [m] — > [/z] £ VMC; then 
(T, /z) = 0. We refer to Section 6 for more details about this topology. 

We show 

Theorem. The Gromov boundary dFF of the free factor graph is the space FT/ ~ 
of equivalence classes of arational trees with the measure forgetful topology. 

The strategy of proof follows the strategy of Klarreich |K99] who determined the 
Gromov boundary of the curve graph of a non-exceptional surface of finite type. 
The main difficulty lies in showing that arational trees are analogous to arational 
measured laminations on a surface. 
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As in |K99] . we begin with describing in Section 2 an electrification of Outer 
space which is quasi-isometric to the free factor graph. In Section 3 we establish 
some properties of folding paths in cv(F n ) needed later on. Section 4 is devoted to 
a detailed analysis of trees in dcv(F n ) on which F n does not act with dense orbits. 
In Section 5 we investigate arbitrary F n -tiees in dcv(F n ) which split as graphs of 
actions. The proof of the theorem is completed in Section 6. 

Acknowledgement: I am grateful to Vincent Guirardel and Gilbert Levitt for 
useful discussions. In particular, I owe an argument used in the proof of Lemma |4~T1 
to Vincent Guirardel. Thanks to Karen Vogtmann for help with references. After 
this work was completed I learned that the results of this paper were a bit earlier 
obtained by Mladen Bestvina and Patrick Reynolds [BR12 . I am particularly 
indebted to Martin Lustig for pointing out an error in an earlier version of this 
note. 

2. The no gap metric 

The goal of this section is to a construct a geometric model for the free factor 
graph which is an Out(i 7, „)-invariant electrification of Outer space. 

Denote by cvo(F n ) the Out(-F n )-invariant subspace of cv{F n ) of all free simplicial 
F n -trees with quotient of volume one. The restriction to cvo(F n ) of the canonical 
projection cv(F n ) —¥ CV(F n ) is a homeomorphism. 

Fix a (large) number k > 2. For a tree T 6 cvo(F n ) define a conjugacy class 
a in F n to be primitive short if it is primitive and if it can be represented by a 
path of length at most k on T/F n . Every T G cvo(F n ) admits a primitive short 
conjugacy class (see [FM11] ). Call two trees T,T' £ cvo(F n ) tied if there is a 
primitive conjugacy class a which is short for both T and T' . 

For T, T' € cvo(F n ) let d ng (T, T") be the minimum of all numbers s > with the 
following property. There is a sequence T = Tq, . . . , T s = T' C cvo(F n ) such that 
for all i the trees Tj, Tj+i are tied. The following is immediate from the definitions. 

Lemma 2.1. For sufficiently large k, d ng is a metric on cvo(F n ). 
Let 

T : cv (F n ) -> TT 

be a map which associates to a simplicial tree T with volume one quotient the 
conjugacy class of a free factor of rank one spanned by a primitive short conjugacy 
class for T. 

In the sequel we mean by a rose a marked metric rose with edges of equal 
length 1/n. Each rose R determines the conjugacy class of a free basis of F n . The 
universal covering T of R is the Cayley tree of this basis and is contained in cvo(F n ). 
If F n — A * B is a free splitting of F n we say that a rose R represents the splitting 
if R defines a basis oi, . . . , a n of F n so that for k = rk(A), the set at, . . . , aj. is a 
basis of A and ajt+i, ... ,a n is a basis of B. We have 
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Proposition 2.2. The map T : (cvo(F n ),d ng ) — > TT is a quasi-isometry. 

Proof. Let T e cvq(F u ) and let a be a primitive short conjugacy class for T. Since 
the volume of T/F n is one and since T/F n has at most 3g — 3 edges, there is an 
edge e of length at least l/(3g — 3). By assumption, the conjugacy class a can be 
represented by a loop 7 on T / F n of length at most k and hence 7 passes through e at 
most k(3g + 3) times. By Lemma 3.2 of [BFllj . this implies that the distance in TT 
between the conjugacy class (a) of the free factor spanned by a and the conjugacy 
class of a free factor spanned by any other primitive short conjugacy class for T 
is bounded by a number only depending on k. In particular, the distance between 
(a) and T(T) is uniformly bounded. 

As a consequence, if T' S cvo(F n ) is such that a is primitive short for T' then 
the distance between T(T) and T(T') is uniformly bounded. This shows that the 
map T is coarsely Lipschitz with respect to the metric d ng on cvo(F n ). 

Define the ellipticity graph £ as follows. Vertices of £ are either conjugacy classes 
of free splittings of F n or nontrivial cyclic words in F n . Two vertices A* B and w 
are adjacent if w has a representative in A or B. The ellipticity graph is 0\xt{F n )- 
equivariantly quasi-isometric to the free factor graph [KL09] . Let d$ be the distance 
in the ellipticity graph. 

For each free splitting A * B of F n choose a rose R(A * B) which represents this 
free splitting. Let R(A * B) be the universal covering of R(A * B). It now suffices 
to show the existence of a number £ > 1 such that for any two free splittings A* B, 
C * D we have 

d ng (R(A * B),R(C * £>)) < £ds (A *B,C* D). 

To this end let A * B and C * D be free splittings of distance 2 in the ellipticity 
graph. By Theorem 1.4 of [BRIO , up to exchanging A, B and/or C, D and perhaps 
conjugating C * D, there is some primitive element a 6 A n C. In particular, we 
have 

F n = (a) * A' * B = {a) * C * D 
for some free factor A' of A and C of C. 

Choose roses R,R' realizing these two free splittings (up to conjugation), with 
universal coverings T, T' . For appropriate choices of R, R' there is a petal in R(A * 
B), R(C * D) which defines a conjugacy class in F n also defined by a petal in R, R 1 . 
Then T and R(A * B) are tied, and the same holds true for T and R(C * D). Thus 
the no-gap distance between T, R(A * B) and between T", R(C * D) is at most one. 

The minimal length of a loop in R, R' representing a is at most one and hence 
the no-gap distance between T, T' equals at most one as well. Together we conclude 
that the no-gap distance between R(A * B) and R(C * D) is at most three. The 
proposition follows. □ 



THE BOUNDARY OF THE FREE FACTOR GRAPH 



5 



3. Folding paths 

A morphism between i^-trees S, T is an equivariant map <p : S — > T such that 
every segment of S can be subdivided into finitely many subintervals on which ip is 
an isometric embedding. 

The following (well known) construction is taken from Section 2 of jBFllj . Let 
for the moment U be an arbitrary i^-tree. A direction at a point x G U is a germ 
of non-degenerate segments [x,y] with y ^ x. At each interior point of an edge of 
U there are exactly two directions. A collection of directions at x is called a gate 
at x. A turn at x is an unordered pair of distinct directions at x. It is called illegal 
if the directions belong to the same gate, and it is called legal otherwise. A train 
track structure on U is an _F ra -invariant family of gates at the points of U so that 
at each x £ U there are at least two gates. 

A morphism ip : S — » T determines a collection of gates as follows. Define a 
turn in S to be illegal if it is given by two directions which are identified by the 
morphism ip. Otherwise the turn is called legal. Two directions d, d! at the same 
point belong to the same gate if either d = d' or if the turn d, d' is illegal. If these 
gates determine a train track structure on S and if moreover there is a train track 
structure on T so that ip is an isometric embedding on each edge and legal turns 
are sent to legal turns, then ip is called a train track map (see p. 7 of [BFllj ). 

Recall that there is a natural bijection between conjugacy classes of free bases of 
F n and roses (=marked metric roses with n petals). Define the standard simplex of 
a free basis of F n to consist of all simplicial trees U G cvo(F n ) which are universal 
coverings of graphs of volume one obtained from the rose R corresponding to the 
basis by changing the lengths of the edges. Note that we allow that U is contained in 
the boundary of unprojectivized Outer space, i.e. that the rank of the fundamental 
group of the graph U / F n is strictly smaller than n. 

The construction in the following lemma is discussed in detail in Section 2 of 
BF11 . We also refer to this paper for references to earlier works where this con- 
struction is introduced. 

Lemma 3.1. For every [T] G CV(F n ) and every standard simplex A there is a tree 
U G A and a train track map ip : U — > T where T is some representative of [T] . 

Proof. In the case that [T] G CV(F„) is free simplicial a detailed argument is given 
in the proof of Proposition 2.5 of [BFllj (see also [FMllj ). A limiting argument 
then yields the result for trees [T] G dCV(F n ). 

Namely, let [Tj] C CV(F„) be a sequence of free simplicial projective trees which 
converge in CV(F„) to a projective tree [T]. Let S be the set of all trees U G cv(F n ) 
such that the minimum over all trees S G A of the optimal Lipschitz constant for 
equivariant maps S — » U equals one. By Proposition 2.5 of |BF11) . for each i there 
is a point Si G A, a representative Tj G S of [Tj] and a train track map /; : Si — > Ti 
of Lipschitz constant one. 
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The set £ is compact with respect to the equivariant Gromov Hausdorff topology 
P88 . For each i the graph A% of /; is a closed F n -invariant subset of Si x T,. 
By compactness, we may assume that the sequence A4 converges to a closed F n - 
invariant subset A of S X T where S G A and T G S is a representative of [T] . 

By continuity, for 3/1), (x 2 , 2/2) G ,4 we have d T {yi,V2) < d s {xi,x 2 )- In 
particular, for each x <E S there is a unique point /(x) £ T so that (x, f{x)) G A, 
and the assignment x — > f(x) is an equivariant map S — > T with optimal Lipschitz 
constant one. This map is an isometry on edges, and there are at least two gates 
at each preimage of the unique vertex of S/F n . In other words, / has the required 
properties. □ 



Let S G cv(F n ) and let / : S T be a train track map. By the definition 
of a train track map, / embeds every edge. Let e > be half of the smallest 
length of an edge of S. Let e, e' be edges with the same initial vertex v which 
define an illegal turn. Assume that e, e' are parametrized by arc length on compact 
intervals [0,a], [0, 0'] where e(0) = e'(0) = v. Then there is some t G (0, e] so that 
fe[0,t] = fe'[0,t]. For s € [0,t] let S s be the quotient of S by the equivalence 
relation ^ s which is defined by u ~ s jj if and only if u — ge(r) and v = ge'(r) for 
some r < s and some g € F n . The tree S s is called a fold of S obtained by folding 
the illegal turn defined by e,e' (once again, compare the discussion in Section 2 of 
[BF11] ). Note that for s > the volume of the graph S s /F n is strictly smaller than 
the volume of S/F n . There also is an obvious notion of a maximal fold at the turn 
defined by e, e'. 

Using the terminology of the previous paragraph, the assignment s —> S s (s £ 
[0,i]) is a path in cv(F n ) through So = S which is called a folding path. The 
semigroup property holds for folding paths. For each s £ [0,t] the train track map 
/ : S — > T decomposes as / = f s o ip 8 where / s : S s — > T is a train track map and 
ip s is a train track map for the train track structures on S, S s defined by / and 
f s . We refer to |HM11| and to Section 2 of [BFllj for details of this construction. 
We insist that we view the initial train track map / : S — > T as part of the data 
defining a folding path (this prevents going backwards along the path). 

Repeat this construction with St and a perhaps different pair of edges. The 
path constructed in this way by successive foldings terminates if T is free simplicial 
(Proposition 2.2 of jBFllj ). 

In case we rescale all trees along the path to have volume one quotient and 
rescale the endpoint tree T accordingly it makes sense to fold with unit speed each 
of the illegal turns at once. Using Proposition 2.2 and Proposition 2.5 of [BF11 
(compare BF11 for references), a path constructed in this way from a train track 
map / : S — > T is unique and will be called a Skora path in the sequel. Note 
however that the path depends on the train track map / : S — > T. If T G cv(F n ) 
then this path has finite length, otherwise its length may be infinite. 

We summarize the discussion as follows (see also Proposition 2.5 of |BFllj ). 

Lemma 3.2. For every standard simplex A and every tree [T] G GV(F n ) there is 
a Skora path connecting some point in A with a representative T of [T] . 
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Proof. By Lemma 13. 1[ there is a representative T of [T] , a tree U G A and a 
train track map / : U — > T. This train track map then determines a unique 
Skora path (xt) issuing from U. By construction, the projectivizations [xt] of 
the trees xt converge as t — >• oo in CV(F„) to the projectivization [T] of T (see 
[FMllllBTTT] '). □ 

In the sequel we will use volume renormalization to define a Skora path. However, 
most of the time we consider unnormalized Skora paths, i.e. we scale the trees back 
in such a way that the train track maps along the path are edge isometries onto a 
fixed endpoint tree T . 

For a number L > 1, an L- quasi- geodesic in TT is a path p : J c M — > TT such 
that 

\s - t\/L - L < d(p(s),p(t)) < L\s — t\+L 

for all s,t G J. The path p is called an unparametrized L- quasi- geodesic if there is 
a homeomorphism ip : I — > J so that p o ?/> : / — » .FJ 7 is an i-quasi-geodesic. 

Extend the map T : cvo(F n ) — > TT defined in Section 2 to arbitrary trees 
S e cv(F n ) by requiring that T(oT) = T(T) for all T e cw (K) and all a > 0. 
There also is a natural extension of T to the subset of dcv(F n ) which consists of all 
minimal very small simplicial F n -trees with trivial edge stabilizers. In particular, T 
is defined on any standard simplex A, and the image of A under T has uniformly 
bounded diameter independent of A. The following result is Corollary 5.5 of [BF11J . 

Proposition 3.3. There is a number L > 1 such that the image under T of a 
folding path is an unparametrized L- quasi- geodesic in TT ' . 

For a number c > 0, we say that a path a : [0, oo) — > J- J- is a c-fellow traveler 
of a path (3 if there is a nondecreasing function r : [0, oo) — > [0, oo) such that for 
alH > we have d(a(t), /3(r(t))) < c. Note that we do not require here that the 
function r has unbounded image. 

Lemma 3.4. There is a number c > with the following property. Let T G 
dcv(F n ), let U G cv(F n ) be a point in a standard simplex and let f : U — > T be 
a train track map. If (wt) C cv(F n ) is the Skora path defined by f and if (y t ) is 
any folding path defined by f then the path T(y t ) is a c-fellow traveller of the path 

TM- 

Proof. For simplicity of notation, in this proof we use a different parametrization 
of a Skora path. Namely, we do not renormalize the volume of the quotient graphs 
along the path, but we always identify edges with speed one. We call such a path 
a reparametrized Skora path. 

Let (y s ) s >o be a folding path defined by a train track map / : yo — > T. Again we 
identify segments with speed one without renormalization. Let moreover (w s ) s >q 
be the reparametrized Skora path defined by the same train track map. Since we 
do not renormalize volume, for each s there is a train track map g s : w s — > T. We 
claim that for all s there is a train track map ip s : y s — > w s whose composition with 
g s is a train track map g s o tp s : y s — y T. 
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To this end let A C [0, oo) be the set of all numbers s with this property. Then 
clearly £ A, moreover A is closed. It now suffices to show that A is open. 

Thus let s £ A and let ip s : y s — > w s be a train track map whose existence is 
assumed by the definition of A. For 5 > 0, the composition of <p s with the natural 
train track map w s — > w s+ $ is a train track map $5 : y s — > w s+ g , for the given train 
track structures on y s , w s +s, and 

g s+s o $ 5 : y s -> T 

is a train track map. 

Let (x s + c ) (e £ [0,6]) be the initial segment of length 6 of the reparametrized 
Skora path which starts at y s and is determined by the train track map &s : y s — >■ 
to s -|_<5. By Lemma 2.3 of jBFllj . for all e < 6, the tree x s + e is contained in the Skora 
path connecting y s to T which is determined by the train track map g s oip s : y s — > T. 
In particular, x s + c admits a natural train track structure so that the morphisms 

S e : y s -> £ s+e and * e : x s+e -)• w s+e 

are train track maps for this structure. 

Let eo > be smaller than half the smallest length of an edge of y s . For 
sufficiently small e < eo, say for all e < e%, the tree x s + e can be obtained from y s by 
identifying all initial segments of edges defining an illegal turn on a length of e. On 
the other hand, by perhaps decreasing ex, we may assume that for e < e± the tree 
y s +e is obtained from y s by folding intial segments of some of the edges defining an 
illegal turn in y s . This implies that there is a train track map O e : y s +e ~> £s+e 
whose composition with the train track map ^ : x s + e — > w s + e is a train track map 
$ f o6 e : y s +e — > w s +e- This map in turn can be composed with g s +e to a train 
track map y s +c T. This shows that A is open. 

As a consequence, for each s a folding path connecting yg to y s can be composed 
with a folding path connecting y s to w s , and this defines a folding path connecting 
yo to w s . Remember here that we required a train track map to be part of the data 
defining a folding path. 

The concatentation of this folding path with the path (wt)t> s is a folding path 
(z^) connecting yo to T. Now the image under T of a folding path is a uniform 
unparametrized quasi-geodesic in TT. Since the paths (wt) and (z^) issue from 
the same point and coincide evenutally, by hyperbolicity of TT the path T(z^) 
is a c- fellow traveller of T(ui t ) for a number c > only depending on TT . Since 
s > was arbitrary we conclude that T(y t ) is a uniform fellow traveller of the path 

Since (y s ) was an arbitrary folding path defined by the train track map / : yo — ^ 
T, this shows the lemma. □ 

Define an equivalence relation = on TT U dTT by x = y if and only if either 
x = y or if x, y £ TT. 

Lemma 13.21 and Proposition 13.31 imply that for every standard simplex A there 
is a natural coarsely defined map <pa ■ dCV(F n ) — > TT U dTT j =. The map 
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ipA associates to a projective tree [T] € dCV(F n ) the equivalence class of the 
cndpoint of the image under T of a Skora path connecting a starting point in A to 
a representative of [T] . 

Namely, let (xt) be a Skora path connecting a point in A to T. If the path 
T(xt) has finite diameter then define </?a([T]) to be the class of a point in FT. If 
the path T(xt) has infinite diameter then </?a([T]) is the unique endpoint in the 
Gromov boundary OFF of FF of the unparametrized L-quasi-geodesic T(x t ). 

Note that a priori, this map depends on choices since a Skora path connecting a 
tree S in A to a representative T of [T] depends on the choice of a train track map 
S — > T. The next lemma shows that the map ipA does not depend on any choices 
made. 

Lemma 3.5. The map ip/^ does not depend on the choice of the Skora path or on 
the choice of A. Moreover it is 0~at(F n ) -equivariant. 

Proof. Let (xt)t>o be a Skora path which connects a point xq G A to a tree T G 
dcv(F n ). Choose another (not necessarily different) standard simplex A and an 
arbitrary train track map / : S — > aT where S € A and a > 0. Since the quotient 
S/F n has a single vertex v, by equivariancc and the definition of a train track map, 
/ is uniquely determined by f(v) where v is a preimagc of v in S. 

Now xt — > T in cv(F n ) (t — > oo) and hence by the definition of the cquivariant 
Gromov Hausdorff topology |P89j and the discussion in the proof of Lemma 13.11 
there is a sequence tj — > oo, a sequence Si C A of points in the standard simplex 
A, a sequence a t — > a and a sequence of train track maps /j : Si — > aiX ti which 
converge as i — > oo to the map / in the following sense: The graphs of /, in Si x a^x ti 
converge in the equi variant Gromov Hausdorff topology to the graph of /. 

Namely, let {gi, . . . , g n } be a free basis of F n which determines the simplex 
A and let K be the compact subtree of T which is the convex hull of the points 
f(v), gjf(v),g~ 1 f(v) (j = 1, . . . , n). By definition of the equivariant Gromov Haus- 
dorff topology, for each t there is a compact subtree K t of x t which is the convex 
hull of a point Vt S Xt and the points gjVt,gJ 1 v t so that the trees K t converge to 
K in the usual Gromov Hausdorff topology (see [P89 for details). Since for each 
U G A the quotient tree U/F n has a single vertex, for each t there there is a tree 
St G A, there is a number a t > and an equivariant train track map St — > a t x t 
which maps a preimage of a vertex of S t /F n to v t . By |P88j . a subsequence of this 
sequence of train track maps has the requested properties. 

The subspace of cv(F n ) of all trees which have one-sided Lipschitz distance one 
from a tree in A is compact. For each i connect Si to aiXt t by an arbitrary Skora 
path (yl). Now normalized Skora paths are geodesies for the one-sided Lipschitz 
metric on the locally compact space cvo(F n ) |FM11] and hence we can apply to these 
paths the Arzela Ascoli theorem. As a consequence, up to passing to a subsequence 
the paths (yl) converge as i — > oo to a Skora path (y s ) connecting S to aT. The 
image under T of this family of paths is a family of unparametrized quasi-geodesics 
in FT ' . 
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Recall that the diameter of T(A) C FF is bounded independent of A. Let b > 
be such that T(x&) is a coarsely well defined shortest distance projection of T(A) 
into the unparametrized quasi-geodesic T(xt). By hyperbolicity of J 7 J 7 , for every 
u > b and every v > u, the image under T of any Skora path connecting a point 
in A to x v passes through a uniformly bounded neighborhood of T(x u ). Thus for 
all u > b and all i such that t{ > u, T(yl) passes through a uniformly bounded 
neighborhood of T(x u ) and hence the same holds true for T(y s ). This shows that 
there is a number R > only depending on A, A such that T(y s ) is an i?-fcllow 
traveller of T(xt). By symmetry, we conclude that indeed the map <p<\ coarsely 
does not depend on the choice of A or on the choices of the Skora paths. As a 
consequence, the map <p<\ is moreover coarsely Out(F n ) equivariant. □ 



4. Trees in dCV(F n ) without dense orbits 

By the results in [CL95, BF92 , the boundary dcv(F n ) of unprojectivized Outer 
space cv(F n ) consists of minimal very small actions of F n on K-trees. This means 
that a point in dcv(F n ) is a minimal i^-tree with the following properties. 

(1) Edge stabilizers are cyclic. 

(2) If g n stabilizes an edge e for some n > 1 then so does g. 

(3) Fix(g) contains no tripod for g ^ 1. 

A tree T € dcv(F n ) decomposes canonically into two disjoint F„-invariant sub- 
sets Td and T c . Here Td is the set of all points p such that the orbit F n p is discrete, 
and T c = T — Td- The set T c c T is closed. Each of its connnected components is a 
subtree T' of T. The stabilizer of T acts on T with dense orbits. We have T d = 
if and only if the group F n acts on T with dense orbits. This property is invariant 
under scaling and hence it is defined for projective trees. 

Let be the equivalence class of FT in FT U OFF/ =. Using the notations 
from Section 3, the goal of this section is to show that <pa([T]) = 6 for every tree 
T with T d ^ 0. 

Thus let T e dcv{F n ) be a very small F„-tree with T d / 0. The quotient T/F n 
admits a natural pseudo- metric. Let T/F n be the associated metric space. 

Since T is very small, by Theorem 1 of |L94j the space T/F n is a finite graph. 
Edges correspond to orbits of the action of G on ttq(T/B) where B C T is the set 
of branch points of T. The graph T/F n defines a graph of groups decomposition 
for F n , with at most cyclic edge groups. 

The proof of the following observation is inspired by an argument which was 
shown to me by Vincent Guirardel. 

Proposition 4.1. // [T] e dCV(F n ) is such that T d ^% then <^a(P1) = ©• 
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Proof. Let [T] e dCV(F n ) be such that Td ^ 0. Let (xt) be an unnormalized Skora 
path connecting a point xo in a standard simplex A to a representative T of [T]. 

Let e be an edge of T/F n . 

For i > let ft : Xf — > T be the morphism defined by the Skora path. The 
map ft is equivariant and surjective. Moreover, for all s < t there is a morphism 
g st : x s -?■ x t such that f s = f t o # st . 

Let a > be the smallest length of an edge in T/F n and let c > a be the volume 
of T / F n . The volume of Xt/F n is a decreasing function in t which converges as 
t — > oo to some b > c. Thus there is a number to > such that the volume of 
x to /F n is smaller than 6 + a/8. 

Let eo be an edge of T. The length of eo is at least a. By equivariance and the 
fact that for each t the map ft is an edge isometry, there is a non-degenerate subarc 
Co of eo of length at least a/2 (the central subarc of length a/2) such that for each 
t > <o the preimage of Co under f t consists of k{t) > 1 pairwise disjoint subarcs of 
edges of x to (i.e. the preimage does not contain any vertex). Namely, since f t is an 
edge isometry, otherwise there are two segments in x t of length at least a/4 which 
are identified by the Skora path connecting x t to T . By equivariance, this implies 
that there is some u > t such that the volume of x u /F n does not exceed the volume 
of Xt/F n minus a/4. This violates the assumption on the volume of Xt j F n . 

We claim that the number k(t) of preimages of Co in x t does not depend on 
t > to. Namely, by equivariance and the definition of a Skora path, otherwise there 
is some t > and a vertex of Xt which is mapped by ft into Co- By the discussion 
in the previous paragraph, this is impossible. 

Write k = k(to). For each u > to the preimage of Co in x u consists of exactly 
k segments. Then for each u > to, the morphism g toU maps the k components of 
the preimage of Co in x to isometrically onto the k components of the preimage of 
Co in x u . By equivariance, this implies that there is an edge h to of Xt /F n and 
there is a subsegment pt of h to of length a/2 which is mapped by the quotient map 
9t u '■ Xt /F n — > x u /F n of the train track map gt oU isometrically onto a subsegment 
p u of an edge h u in x u /F n , and g^ u {p u ) = Po- 

As a consequence, a loop in x to /F n which passes through the edge h to at most 
tti ^ times is mapped by gt§u 

to a loop in x u /F n which passes through h u at 
most to > times. By Lemma 3.2 of |BF11| . this implies that the distance in 
TT between T(xt ) and T(x u ) is uniformly bounded, independent of u > to- As a 
consequence, we have <^a([? 1 ]) = 8 as claimed. □ 

5. Trees which split as graph of actions 

The goal of this section is to investigate the structure of those trees in dGV(F n ) 
with dense orbits which have a structure similar to the structure of trees T with 
T d ^ 0. The description of such trees is as follows |G08UL94| . 



Definition 5.1. A graph of actions consists of 
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(1) a simplicial tree S, called the skeleton, equipped with an action of F n 

(2) for each vertex v of S an K-tree Y v , called a vertex tree, and 

(3) for each oriented edge e of S with terminal vertex v a point p v G Y v , called 
an attaching point. 

It is required that the projection Y v — ¥ p v is equivariant and that for g G F n one 
has gp e = p ge . 

Associated to a graph of actions Q is a canonical action of F n on an K-tree Tg 
which is called the dual of the graph of actions |L94] . Define a pseudo-metric d on 
LLev(S) a s follows. If x G Y Vo ,y G i / Ufc let ei . ..e^ be the reduced edge-path 
from i>o to Vk in S 1 and define 

d{x,y) = d Yvi (x,pg t ) H h d Yvk (p ek ,y)- 

Making this pseudo-metric Hausdorff gives an R-tree Tg. 

If T is an i^-tree and if there is an equivariant isometry T —> Tg to the dual of 
a graph of actions then we say that T splits as a graph of actions. In particular, 
every tree T with ^ splits as a graph of actions, but there are trees T which 
split as a graph of actions with T<j = 0. 

We also say that the projectivization [T] of an F„-tree T splits as a graph of 
actions if T splits as a graph of actions. 

A transverse family for an .F„-tree S with dense orbits is an i^-invariant family 
{Y v } of non-degenerate subtrees Y v C T with the property that if 5^, ^ 3^,/ then 
y^nY,;' contains at most one point. The transverse family is a transverse covering if 
any finite segment I C T is contained in a finite union U • • • U Y Vr of components 
from the family. By Lemma 1.5 of [G08 , T admits a transverse covering if and 
only if T splits as a graph of actions. 

An alignment preserving map between two i^-trees T,T' S cv(F n ) is an equi- 
variant map / : T — > T' with the property that x G [y, z] implies f(x) G [f{y), f(z)]. 
An equivariant map / is alignment preserving if and only if the preimage of ev- 
ery point in X" is convex |G00j . The map / is then continuous on segments. An 
alignment preserving morphism is an equivariant isometry. 

If T G dcv(F n ) splits as a graph of actions then there is a minimal F„-tree U 
with Ud ^ 0, and there is an alignment preserving one-Lipschitz map U — > T which 
restricts to an equivariant isometry on the preimage of each vertex tree of T. We 
call U an extension of T. If T<j ^ then we can choose U = T. Otherwise the 
tree U can be obtained by inserting the skeleton of T, however U is by no means 
unique. 

The next lemma shows that U can be chosen to be very small. Note however 
that this is not true for every such tree U (see [R12] for an example). 

Lemma 5.2. If [T] G dCV(F n ) has dense orbits and splits as a graph of actions 
then there is a tree T' G dcv(F n ) with T' d ^ 0, and there is a one-Lipschitz alignment 
preserving map p : T' — > T . 
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Proof. Assume that T G dcv(F n ) has dense orbits and splits as a graph of actions. 
Choose an extension S of T. Then there is a one-Lipschitz alignment preserving 
map / : S — > T whose restriction to the preimage of each of the vertex trees of 
the transverse covering defining the graph of actions is an isometry. The map / 
collapses each edge of S to a point. 

Fix an edge e in S/F n and let V be the tree obtained from S by equivariantly 
collapsing those edges of S to points which do not project to e. Then V is a minimal 
F„-tree with Vd ^ 0- Moreover, there is an equivariant surjective one-Lipschitz 
alignment preserving map 

£,:V 

which collapses the edges of V to points. More precisely, the image under £ of the 
the set of edges of V is a countable F„-invariant collection A of points in T. The 
tree V defines the structure of a graph of actions with dual tree T. We denote by 
Y v (v G A) the corresponding transverse covering of T. 

Since T is very small, the tree V is very small if the stabilizer of an edge in V is 
at most maximal cyclic. In this case we are done. 

Let U G cv(F n ) be a point in a standard simplex A and let 

tp : U -> T 

be a train track map. Then ip is determined by the image of a vertex v G U . Namely, 
let ei,...,e„ be a free basis of F n whose conjugacy class defines the standard 
simplex A and let v be a vertex of U. By equivariance and the definition of a 
morphism, tp is determined by the point ip(v) G T, the points ip(eiv) (i = 1, . . . , n) 
and the requirement that the restriction of ip to each edge of U is an isometric 
embedding. 

We use the map tp to construct a simplicial tree U', a one-Lipschitz alignment 
preserving map a : U' — > U and a morphism : U' — >• V as follows. 

Assume first that ip(v) $ A. Then the points ip(v), ip(eiv) have unique preimages 
= ^~ 1 {'-P{v)),l3{e i v) = ^{pie.v)) in V. There is an F„-tree U' G cv{F n ) 
which can be obtained from U by equivariantly rescaling the edges of U, and there 
is a train track map 

P : U' -> V 

defined by the points (3(v), Pfev) (here we use the same notation v for the vertex in 
U and V). Moreover, there is a one-Lipschitz alignment preserving map a : U' — > U 
such that 

£ o p — ip o a. 

The map a contracts some closed subintervals of edges of V to points. 

Similarly, if tp(v) G A then p(eiv) G A for all i. Then (ip(v)) is an edge in 
V with a well defined midpoint /3(v). Construct the tree U' and the map ft from 
these data as before by equivariance. 

The map ip determines an unnormalized Skora path (xt) connecting U = xo to 
T. Let ipt : xt — > T be the corresponding family of train track maps. For t > s we 
have ip s — <pt o g st for a train track map g st : x s — > x t . The above recipe (lifting 
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those vertices of xt which are not mapped into A to the corresponding points in V, 
lifting the vertices which are mapped into A to the midpoints of the corresponding 
edges and equivariantly adjusting lengths) can be used to construct for each t an 
-F n -tree yt, a morphism /3 t : yt — > V and a one-Lipschitz alignment preserving map 
&t '■ Vt — ► x t such that 

£°0t = <Pt° a t . 
For each t, the tree yt is very small simplicial. 

Let again v £ xq be a vertex, let P be any finite subset of F n and consider the 
convex hulls of the images of v by the elements of P. Then K is a compact subtree 
of xq. The image <p(K) of K in T is a compact subtree of T. By the definition of 
a graph of actions, this subtree intersects the set A in only finitely many points. 

Let m > be this number of points, let n > 1 be the cardinality of P and let 
k > be the total length of K, i.e. the sum of the length of all edges contained in 
K . If we assume without loss of generality that the length of the edges of V equals 
one then the total length of the subtree of V constructed from the set P and the 
prcimagc of the vertex v does not exceed k + mn. 

Now for each t the total length of the subtree of Xt which is the convex hull 
of the points gotv, hgotv (h s P) does not exceed k, and hence as in the previous 
paragraph, the total length of the subtree K t of y t defined by P and the preimage of 
gotv is not bigger than k + mn. As a consequence, for each e > there is a covering 
of these trees by balls of radius e whose cardinality does not depend on t. Thus by 
the main theorem of |P88) , there is a sequence U — > oo such that the sequence (yt t ) 
converges in the equivariant Gromov Hausdorff topology to an F„-tree y. The tree 
y is very small }CL95| IBF92] . and y d ^ 0. 

Since x ti —¥ T and since for each t there is a one-Lipschitz alignment preserving 
map at : yt — ^ Xt, by the definition of the equivariant Gromov Hausdorff topology 
and by passing to a subsequence we may assume that there is a one-Lipschitz 
alignment preserving map 

P ■■ V -> T. 

This is what we wanted to show. □ 

The proof of the next proposition is similar to the proof of Lemma 15.21 

Lemma 5.3. Let T, T' £ dcv(F n ) and assume that there is a one-Lipschitz align- 
ment preserving map p : T — > T' ' . Then (p&([T\) = ipa([T']). 

Proof. Let S be a free simplicial i^ n -tree and let ip : S — > T be a train track map. 
Assume that there is a one-Lipschitz alignment preserving map p : T T' . Then 
the map p o ip : S — > T' is equivariant and one-Lipschitz. In particular, there is an 
F„-tree S' which can be obtained from S by decreasing the lengths of some edges of 
S, there is a one-Lipschitz alignment preserving map a : S — t S' and a morphism 
ip' :S' -> T such that 

ip' o a = p o ip. 

Here we allow that the map a collapses some edges to points. 
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Let a, b C S be subsegments of edges incident on the same vertex p which are 
identified by the map ip. Then the segments a, b are also identified by p o ip. This 
means the following. Let U be the simplicial tree obtained by folding the segments 
a, b. Then there is a morphism ip : U —¥ T. Moreover, there is a simplicial tree 
U' which can be obtained from 5" by a (perhaps trivial) fold, and there is a one- 
Lipschitz alignment preserving map /3 : U U' such that 

ip o /3 = p o ip 

for a morphism ip' : U' — )■ T' . 

This discussion shows the following. Let (xt) be a folding path connecting S to 
T. By this we mean that only a single fold is performed at the time, and (xt) — > T 
in the equivariant Gromov Hausdorff topology. For each t there is a train track 
map h t : x t — > T. There is a (suitably parametrized) folding path (y t ) connecting 
S' to T", for each t there is a one-Lipschitz alignment preserving map £ 4 : x t — >• y t , 
and there is a morphism h' t : yt — > T' such that the diagram 



4 'I 



commutes. Moreover, as t — > oo, yt converges in the equivariant Gromov Hausdorff 
topology to T'. 

For each t, the distance in TT between T(xt) and T(j/ t ) is uniformly bounded. 
Since the assignments t — > T(xt) and t — > T(y t ) are uniform unparametrized quasi- 
geodesics, the lemma now follows from Lemma 13.41 □ 

As an immediate corollary of Lemma 15.21 and Lemma 15.31 we obtain 
Corollary 5.4. If [T] splits as a graph of actions then </?a(P1) = 0. 

From now on we only consider trees T G dcv(F n ) (or projective trees [T] G 
dCV(F n ) with dense orbits. For simplicity we call such a tree dense. 

The following definition is due to Paulin (see |G00j ). 
Definition 5.5. A length measure fi on T is an i^-invariant collection 

I 1 = {W}/CT 

of locally finite Borel measures on the finite arcs / C T; it is required that for J C / 
we have pj = (pi)\ J- 

The Lebesgue measure A defining the metric on T is an example of a length 
measure on T with full support. 

Denote by Mq(T) the set of all non-atomic length measures on T. By Corollary 
5.4 of [GOO] . Mq(T) is a finite dimensional convex set which is projectively compact. 
Up to homothety, there are at most 3n — 4 non-atomic ergodic length measures. 
Each non-atomic length measure p G Mq(T) defines an i^-tree T M G dcv(F n ) as 
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follows |G00j . Define a pseudo-metric d M on T by d^,{x,y) = /J,([x,y]). Making this 
pseudo-metric Hausdorff gives an R-tree Ij,. 

By Lemma 10.2 of |R10| . if T admits an invariant atomic measure then T splits 
as a graph of actions. The same holds true if T admits two invariant non-atomic 
measures whose supports are non-degenerate and distinct (Lemma 12.1 of |R10J). 
Thus if either T admits an invariant atomic measure or two invariant measures with 
distinct non-degenerate support then (/2a (PI) = 0. 

Following |R10] . if T,T' G cv(F n ) and if there is an alignment preserving map 
/ : T — ► T' then we say that T" is a projection of T. By the discussion in [G00J . if 
\j! is a non-atomic length measure on T' then there is a length measure (j, on T such 
that /*/! = //. This means that for every segment I C T we have n(I) — fi'(fl). 
We use Lemma [573] to show 

Corollary 5.6. Let T,T' G dcv(F n ) and let f : T — > T 1 be alignment preserving. 
Then<p A ([T])=<p A ([T']). 

Proof. Let T,T' G dcv(F n ) and assume that there is an alignment preserving map 
/ : T T'. Then there are length measures £ € M (T),£' G M (T'), and there is 
a one-Lipschitz map / : — > T^/. Lemma 15.31 shows that (/^(pf]) = </?a([^'])- 

Thus it suffices to show the following. Let /i 6 Mq(T) be arbitrary; then 
Va([T m ]) - ^a([T]). 

To this end let v be a length measure which is contained in the interior of the 
convex polyhedron M (T). Let ( be one of the vertices of M (T); this is an ergodic 
measure in Mq(T). Up to rescaling, there is a one-Lipschitz alignment preserving 
map T v — > T^. Lemma [5731 shows that ¥>a(PV]) = Va(Pc])> 

Now if £ e M (T) is arbitrary then there is an ergodic measure (3 6 M (T), 
and there is a one-Lipschitz alignment preserving map — ?> Tg. Using once more 
Lemma [5731 we deduce that V'aCPV]) = ^Ad? 1 /?]) = Va([7^]). Since the Lebesgue 
measure on T defines a point in Mq(T) this completes the proof of the corollary. □ 

As an immediate consequence of Lemma 14. II and Corollary [5761 we have 

Corollary 5.7. If the tree [T] admits an alignment preserving map onto a tree 
which splits as a graph of actions then tp A (\T]) = 0. 

Recall from the introduction the definition of an indecomposable tree. The 
following result is Corollary 11.2 of |R10j . 

Proposition 5.8. Let T G cv(F n ) have dense orbits, and assume that T is nei- 
ther indecomposable nor splits as a graph of actions. Then there is an alignment 
preserving map f : T —> T' such that 

(1) either T' is indecomposable or T' splits as a graph of actions, 

(2) the image under f of the zero lamination of T is contained in the zero 
lamination of T' . 
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Proposition 15.81 Proposition 14. II and Corollary 15 . 71 immediately imply 

Corollary 5.9. Let [T] £ dCV(F n ) be such that tp A ([T]) £ dTT. Then T admits 
an alignment preserving map onto an indecomposable tree. 

Proof. By Proposition ^. 11 if <p A (\T]) £ dJ-J- then T has dense orbits. The corollary 
now follows from Proposition 15.81 and Corollary 15. 71 □ 

6. ARATIONAL TREES 

In this section we complete the proof of the theorem from the introduction. 

The zero lamination L 2 (T) of an K-tree T is the closed F n - invariant subset of 
dF n x dF n — A which is the set of all accumulation points of pairs of fixed points of 
any family of conjugacy classes with translation length on T that tends to 0. The 
zero lamination of a tree T £ cv(F n ) is empty. For T £ dcv(F n ), it only depends on 
the projective class [T] £ dCV(F n ) of T. We refer to |CHL07j for more information 
on the zero lamination of a tree T. 

A finitely generated subgroup H < F n is free, and its boundary dH of H is 
naturally a closed subset of the boundary dF n of F n . If H stabilizes a point in T 
then the set dH x dH — A of pairs of distinct points in dH viewed as a subset of 
dF n x dF n — A is contained in L 2 (T) . 

We say that a leaf I £ L 2 (T) is carried by a finitely generated subgroup H of F n 
if it is a point in dH x dH — A. A closed ^-invariant subset C of dF n x dF n — A 
intersects a free factor if there is a proper free factor H of F n so that C D dH x 
dH - A ^ 0. We say that C is contained in H if C = F n (C D dH x dH - A). We 
also say that a measured lamination fi is supported in a subgroup i? of i 7 ^ if each 
leaf of the support of fj, is carried by a conjugate of H. 

The following lemma is an immediate consequence of Theorem 4.5 of |Rllj . For 
its formulation, from now on we always denote by T the metric completion of an 
F„-tree T. 

Lemma 6.1. Let T £ dcv(F n ) be indecomposable. If the zero lamination L 2 (T) of 
T intersects a free factor H then there is a point stabilizer in T which intersects a 
free factor. 

Proof. The intersection of L 2 (T) with a free factor H is contained in the zero 
lamination of the minimal H- invariant subtree Tjj of T. By Theorem 4.5 of [RH , 
the action on T of any proper free factor H of F n is discrete and hence Tjj is 
simplicial. Thus the zero lamination of T# is contained in a point stabilizer of 
Th- * □ 

To obtain more information on supports of measured laminations fi with (T, fi) = 
we use the following consequence of Theorem 49 of |Ma95] . 
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Lemma 6.2. Let H < F n be a finitely generated subgroup of infinite index which 
does not intersect a free factor. Then dH x dH — A does not support a measured 
lamination for F n . 

Proof. Assume to the contrary that dH x dH — A supports an ergodic measured 
lamination v for F n . Let £ G dH x dH — A be a density point for v. 

Choose a free basis A for F n and represent I by a biinfinite word («;,) in that 
basis. Since H < F n is finitely generated, H is quasiconvex and hence we may 
assume that there is a sequence n, oo such that each of the prefixes (w n( ) of the 
word (v)i) represent an element of H. By ergodicity of v and the fact that I is a 
typical point for ^, there is some i < j such that w n - = w ni w ni (the double of the 
same word w — w Ui ) ■ 

We now follow the reasoning in the proof of Theorem 17 of [Ma95] (p. 47). 
Namely since H does not intersect a free factor, Lemma 48 and Theorem 49 of 
[Ma95j (which is attributed to Bestvina there) show that some Whitehead graph 
of w has no cut vertex and is connected. But every cyclic word v containing w 2 
as a subword has a Whitehead graph which has the Whitehead graph above as 
a subgraph, i.e. it has a connected Whitehead graph without cut vertices. Thus 
Theorem 49 of |Ma95] implies that a cyclically reduced word v containing w 2 as a 
subword can not be primitive. 

However, v G M.C and hence v is a weak*-limit of measures fii which are dual to 
primitive conjugacy classes for F n |KL07j . This means in particular that the density 
point I for v can be approximated by pairs of fixed points of primitive elements. As 
a consequence, there is such a primitive element represented by a word in A which 
contains w 2 as a subword. This is a contradiction which implies the lemma. □ 

As a consequence of Lemma 16.11 and Lemma 16.21 we obtain 

Corollary 6.3. An indecomposable tree [T] is contained in FT if and only if no 
point stabilizer for the action of F n on T intersects a free factor. 

Denote as before by T the metric completion of an F n -tree T G dcv(F n ) with 
dense orbits. The union f = TU9T of T with the Gromov boundary dT of T 
can be equipped with an observers' topology. With respect to this topology, T is a 
compact i^-space, and the inclusion T — »■ T is continuous |CHL07| . Isometries of 
T induce homeomorphisms of T (see p. 903 of [C HL09] ). 

There is an explicit description of T as follows. Namely, let again L 2 (T) be the 
zero lamination of T. There is an i^-equivariant continuous map 

Q : dF n — > T 

[LL08] such that L 2 (T) = {(£,£) | Q(f) = Q(C)} (Proposition 2.3 of |CHL07j V 
This map determines an equivariant homeomorphism 

dF n /L 2 (T) — > f 
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(Corollary 2.6 of |CHL07j ). i.e. the tree T is the quotient of dF n by the equivalence 
relation obtained by identifying all points £, £' £ dF n with Q(£) = Q(£')> an d a 
pair of points (£, £') is identified if and only if it is contained in L 2 (T). 

Define a leaf £ G L 2 (T) to be regular if £ is not carried by the stabilizer of a 
point in T and if moreover there exists a sequence l n C L 2 (T) of leaves converging 
to £ such that the x n = Q 2 (£ n ) are distinct. The set of regular leaves of L 2 (T) is 
the regular sublamination L r (T). It is i^-invariant but in general not closed. 

Recall from the introduction the definition of the set TT C dCV(F n ) of arational 
trees. A representative of a tree in the set TT is indecomposable. 

We need a slight extension of a result of |CHR11I . In its formulation, we assume 
that the action of F n on an K-trce T is free, but we allow fixed points in the metric 
completion T. Thus there may be elliptic elements for the action of F n on T. Recall 
that a minimal subset of an i^-space is an invariant set with each orbit dense. 

Lemma 6.4. Let [T] e TT- If the F n -action on T does not have fixed points then 
L r (T) is minimal. 

Proof. Since T is indecomposable, Proposition 5.14 of ICHR11I shows that T is 
either of surface type or of Levitt type. 

Consider first the case that T is of Levitt type. Since we defined L r {T) to consist 
of leaves not carried by a point stabilizer, Lemma 3.6 of |CHRllj (whose proof is 
valid in the situation at hand) yields that if Lq C L r (T) is a proper sublamination 
then every leaf of Lq is carried by a proper free factor of F n . 

Let H be such a proper free factor which carries a leaf of Lq. Since [T] is 
indecomposable, by the main result of |R11) the minimal iJ-invariant subtree Th 
of H is simplicial. Then Tg is a very small simplicial H-tiee with non-empty zero 
lamination. As a consequence, there is a nontrivial point stabilizer Hq for the action 
of H on T H . Since H < F n is a free factor, by |KL09| and Theorem 49 of |Ma95j . 
the measure on dF n x dF n — A which consists of Dirac masses at conjugates of 
fixed points of a nontrivial element g £ Hq is a measured lamination fi supported 
in Hq. By [KL09] . this measured lamination satisfies (T,/j) = 0. This violates the 
definition of a arational tree and hence indeed L r (T) is minimal. 

In the case that T is of surface type the same reasoning applies. This time we 
use Lemma 4.10 of |CHRllj whose proof is also valid in the situation at hand and 
conclude as before. □ 

Let again [T] G TT and let fi be an ergodic measured lamination with support 
Supp(^i) C L 2 (T). By [KL09 , this is equivalent to stating that (T, pi) = 0. For any 
point stabilizer H of T, a measured lamination supported in H is supported in the 
zero lamination of T. Thus by Lemma 16.21 and the definition of an arational tree, 
Supp(/i) is not contained in the stabilizer of a point in T . Then by ergodicity, /x 
gives full measure to L r {T). 

Define an equivalence relation ~ M on dF n as the smallest equivalence relation 
on dF„ which contains with £ all points £' so that (£,£') £ Supp(/x). Let ~ be 
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the closure of ~ Jli . Note that this adds diagonal leaves to the support of fi. By 
invariance of Supp(/i) under the action of F n , the quotient dF n / ~ is a compact 
F n -space. Note also that the lamination L 2 (T) defines an equivalence relation 
thanks to |CHL07j . 

Since by Corollary 2.6 of [ CHL07] we have f = dF n /L 2 (T) and since Supp(^) C 
L 2 (T), there is a natural F n -equivariant continuous surjection G : dF n / ~— » T. 
The next lemma shows that if [T] £ FT then the tree T is uniquely determined by 
Supp(/i). It is an immediate consequence of the main result of |R12j (of which I 
learned after the first version of this paper was posted). We include a proof since 
it is not very difficult and illustrates some features of the observers' topology. 

Lemma 6.5. // [T] £ FT then G is a homeomorphism. 

Proof. If the action of F n on T is free then the lemma is an immediate consequence 
of the main result of |CHRllj . Namely, in this case the lamination L r (T) is minimal, 
and L 2 (T) is the union of L r (T) and finitely many i^-orbits of diagonal leaves. Now 
diagonals of L r (T) are always contained in the zero lamination of T (see [CHR11 
and the above discussion). The closure of the F„-orbit of a diagonal leaf £ is 
contained in the union of I with L r (T). An isolated leaf which is not defined by 
a pair of fixed points of some element of F n can not be contained in the support 
of a measured lamination. Thus the support of any measured lamination \x with 
(T, /i) = equals L r (T), and this is the complement of finitely many i^-orbits of 
diagonal leaves in L 2 (T). The lemma follows in this case. 

Now assume that there is a nontrivial point stabilizer in T, i.e. that there is a 
point x € T whose stabilizer H is nontrivial. Recall that H is finitely generated 
|L94) and hence the boundary dH of H embeds into the boundary of F n . If £ £ dH 
then Q(£) = x where Q : dF n — > T is the map introduced above (see [CHlOj for a 
detailed discussion of this fact which is due to Coulbois, Hilion and Lustig). 

We claim that x is contained in the closure of Q 2 (Supp(/i)) with respect to the 
observers' topology. Namely, let fl — Q 2 (L 2 (T)) C T be the limit set of T and 
let £ G Q 2 (Supp(/i)). Here the notation Q 2 refers to applying the map Q to both 
points which define £; the result is a single point in T. If £ = x then we are done. 
Otherwise there is a segment I in T connecting i to ^. This segment defines a 
direction in T at j. 

Let (hi) C H be a sequence of pairwise distinct elements. Since Hx — x, 
by invariance of Supp(/i) under the action of F n and equivariance of the map Q, 
the images of the segment i under the elements hi G H defines a sequence of 
segments connecting x to points in Q 2 (Supp(^i)). Since edge stabilizers of T are 
trivial |GL95j , by passing to a subsequence we may assume that the corresponding 
sequence of directions at x are pairwise distinct. By the definition of the observers' 
topology, the points /ii(£) converge as i — > oo in T to x (compare the discussion on 
p. 903 of [CHL07 ). Thus the point x is contained in the closure of the image of the 
-F^-orbit of £ for the observers' topology and hence x — Q(dH) is contained in the 
closure of Q 2 (Supp(/^)). 
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There are now two cases. In the first case, every point x G T with nontrivial 
point stabilizer is contained in T — T and the i^-action on T is free. Lemma l6.4l and 
the above discussion then show that the closure of Q 2 (Supp(/i)) for the observers' 
topology contains the entire limit set Q 2 (L 2 (T)). As a consequence, the closures of 
Q 2 (Supp(/i)) and Q 2 (L 2 (T)) with respect to the observers' topology coincide (note 
that the limit set is in general not closed). Now dF n / ~ is a compact F„-space and 
hence dF n / ~= T which implies the lemma. 

If there exists a fixed point x G T then by invariance and the fact that T is 
dense we conclude that the tree T is contained in the closure of Q 2 (Supp(/i)) for 
the observers' topology. On the other hand, T is the interior of T for the observers' 
topology and therefore the interior of dF n / ~ equals T. However, T is uniquely 
determined by T and hence G is an equivariant homeomorphism as claimed. □ 

Remark: 1) Lemma T6.2I and Lemma T6.5I illustrate the fact that the observers' 
topology on the union of the metric completion of T with the Gromov boundary of 
T is strictly weaker than the topology induced by the metric. We refer to [CIIL07 
for a detailed discussion. 

2) The main result of [R12] gives a much more explicit description of an arational 
tree. Namely, it states that an arational tree T either is free or dual to a measured 
lamination of an oriented surface with a single boundary component. 

Let ?» be the smallest equivalence relation on dCV(F n ) whose classes contain 
with every [T] G dCV(F n ) all projections of [T]. Lemma is used to show 

Corollary 6.6. Let [T] £ FT and let \i be an ergodic measured lamination with 
(T,n) = 0. Then [S] G dCV(F n ) is equivalent to [T] if and only if [S] £ FT and 

(s,m) = o. 

Proof. Let [T] £ FT and let fj, G ML be an ergodic measured lamination such that 
(T, /z) = 0. By Lemma 16.51 the tree T with the observers' topology is determined 
by Supp(/i). This means the following. If [S] is any tree with (S, fi) = then there 
is an equivariant continuous surjection T — > S. 

Since the interior of T, S, respectively, is just the tree T, S, Proposition 1.10 of 
CHL07] shows that there is an alignment preserving map T —> S. In other words, 
S is a projection of T and hence S is equivalent to T. Using once more the results 
of [RTO] we conclude that [S] G FT. □ 

Recall that each conjugacy class of a primitive element g G F n determines a 
measured lamination which is the set of all Dirac masses on the pairs of fixed 
points of the elements in the class. The measured lamination is called dual to 
the conjugacy class. Recall also that the intersection form (, } on cv(F n ) x MC is 
continuous. 



We have 
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Lemma 6.7. Let [Ti] C CV(F n ) be a sequence converging to some [T] £ dCV(F n ). 
For each i let T £ cvo(F n ) be a representative of [Ti] and let m be a primitive 
short conjugacy class on Ti with dual measured lamination \±i . If [T] is dense then 
up to passing to a subsequence, there is a sequence bi C (0, 1] such that the mea- 
sured laminations bifii converge weakly to a measured lamination fi with (T, fi) = 0. 
Moreover, either \i is dual to a primitive conjugacy class or bi — > 0. 

Proof. Let T be a representative of [T] and let a, £ (0, oo) be such that a{Fi — > T 
where T± £ cvq(F tl ). Since the i^-orbits on T are dense, we have — > (i — > oo). 

Fix some tree S £ cvo(F n ). Then the set 

Z = {(eM£\ (5,0 = 1} 

defines a section of the projection M.C — > VM.L. In particular, the space S is 
compact. 

Let ^ be the lamination dual to a primitive short conjugacy class a, on Ti. 
There is a number e > so that (S, Q > e whenever £ is dual to any primitive 
conjugacy class. Thus if bi > is such that bipn £ S then the sequence (bi) is 
bounded. Since S is compact, by passing to a subsequence we may assume that 
bifii — > fi for some measured lamination fi £ E. 

Now (aiTi, Hi) < fcoj where fc > 2 is as in Section 2 and hence since Oi — > 
(i — > oo) and since the sequence (bi) is bounded, we have 

(aiTi, bifii) ->• (i oo). 

The first part of the lemma now follows from continuity of the intersection form. 
Moreover, either bi — > or the length on S/F n of the conjugacy classes on is uni- 
formly bounded. However, there are only finitely many conjugacy classes of prim- 
itive elements which can be represented by a loop on S/F n of uniformly bounded 
length. Thus either bi — > 0, or the sequence (on) contains only finitely many el- 
ements and hence there is some primitive conjugacy class a so that on = a for 
infinitely many i. Then clearly \x is a multiple of the dual of a. □ 

The next observation is a version of Proposition 6.4 of [K99] . 

Lemma 6.8. Let ([Ti]) C CV(F„) be a sequence converging in CV(F n ) U dCV(F n ) 
to a point [T]. If [T] £" FT then T(Ti) does not converge to a point in OFF. 

Proof. We follow the reasoning in the proof of Proposition 6.4 of [K99> Let ([Ti]) 
be a sequence as in the lemma which converges to a point [T] £ dCV(F n ) — FT- 

By Proposition 14.11 Proposition 15.41 Corollary 15.91 and Lemma 16.61 we have 
VaQT 1 ]) = ©■ More precisely, there is a proper free factor H of F n so that for 
any Skora path (x t ) C cv(F n ) converging to a representative T of [T] and all large 
enough t, the point x t is contained in a uniformly bounded neighborhood of H . 

We argue by contradiction and we assume that the sequence T(Ti) converges to 
a point in the Gromov boundary of FF. 
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For fixed i and for j > i let r\ 3 be an unnormalized Skora path connecting a 
point of covolume one in a simplex A, defined by a basis containing the free factor 
T(Tj) to a tree Tj £ cv(F n ) which can be obtained from Tj by rescaling. Then the 
trees Tj are contained in the compact set £j C cv(F n ) of all trees which can be 
reached from a point in the simplex Aj by a one-Lipschitz optimal map. 

The initial points of the paths r\ 3 are contained in a compact subset of cv{F n ) and 
hence up to passing to a subsequence, we may assume that the paths r\ 3 converge 
as j — > oo locally uniformly in £j to a Skora path t — > r% issueing from a point r§ 
in the simplex Aj. By the reasoning in the proof of Lemma [3TTI since [Tj] — > [T] we 
may assume that the path (r t ) is defined by a train track map ro —> T where T is 
a representative of [T] and hence it connects ro to T. 

By Lemma 13.51 and Corollary 15 . 61 for large enough t the free factor T(r t ) is 
contained in a uniformly bounded neighborhood of the free factor H. Fix such a 
point to. 

By construction, for large enough j there is a point on the Skora path (r\ 3 ) 
contained in a compact neigborhood of r to which is mapped by T to a set of 
uniformly bounded diameter. This means that for large enough j the path T(r") 
passes through a uniformly bounded neighborhood of the free factor H . 

Now the paths T(ry') are uniform unparametrized quasi-geodesics in FF. As 
a consequence, if (\)h is the Gromov product based at H £ FF then we have 
(T(Tj) | T(Tj))n < B for infinitely many i,j where B > is a universal constant. 
This is a contradiction to the assumption that T(Tj) converges to a point in the 
Gromov boundary of FT . □ 

Next we have 

Lemma 6.9. If [Tj] C CV(F n ) is any sequence which converges to [T] e FT then 
T(Tj) converges to a point in OFF. 

Proof. We show first that if [T,] — >• [T] e then the sequence T(T,) is unbounded. 
For this we use a variant of an argument of Luo as explained in [MM99 . 

Namely, let Tj G cv (F n ) be a representative of [Tj]. We argue by contradiction 
and we assume that after passing to a subsequence, the sequence T(T) remains in 
a bounded set in FF. 

Since by Proposition 12 .21 the map T is a quasi- isometry for the no- gap metric on 
cv(j(F n ), after passing to another subsequence we may assume that for all z > 1 the 
distance between Tj and To in (ci>o(T n ), d ng ) equals m for some m > which does 
not depend on i. 

By the definition of the no-gap metric, this implies that for all z > 1 there is a 
sequence (Tj i j)o<j< m C cvo(F n ) with To.j = To and T m ^ = Tj so that for all j < m 
the trees Tjj and Tj+n j are tied. In particular, for each j < m there is a primitive 
conjugacy class ay,j which can be represented by a curve of length at most k on 
both Tj.i and Tu+m where k > 2 is as in Section 2. 
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Let fj,j t i be the measured lamination which is dual to oijj. By assumption, we 
have [T TO) j] — > [T] (i — >• oo) in CV(F n ). Since T is dense, Lemma T6.7I implies that 
up to passing to a subsequence, there is a bounded sequence (bi) such that the 
measured laminations bi[i m -\^i converge as i — > oo to a measured lamination v m —i 
supported in the zero lamination of T. Since [T] £ TT, the support of v m -i does 
not intersect a free factor and hence bi — > by Lemma 16.71 

For each i let T £ euo(T n ) be a representative of [T]. By passing to another 
subsequence, we may assume that the projective trees [T( m _i) i j] converge as i — > 
oo to a projective tree [£/ m _i]. We claim that [J7 m -i] £ Namely, choose 

a representative U m -i of [U m -i]- Since &i/i m -M — >■ fm-l f° r a sequence 6j — > 
and since (T m _i^, fi m -i,i) < & for all i, we conclude from continuity of the 
intersection form that (U m -i, v m —i) — 0. In particular, v m —\ is supported in the 
zero lamination of U m -i. Lemma 16.61 now shows that [i/ m — l] G TT. Moreover, 
there is a subsequence of the sequence [/x m -2,i] which converges as i — > oo to a 
measured lamination supported in the zero lamination of [C/ m _i]. 

Repeat this argument with the sequence [T( m -2),i] & n d the tree [C/ m _i]. After 
m steps we conclude that [To] £ which is impossible. 

We are left with showing that the unbounded sequence T(Tj) converges to a 
point in d T T. To this end assume to the contrary that the sequence T(Tj) does 
not converge to a point in dTT . Then we can find subsequences (xj), (yj) of the 
sequence (Ti) so that Xj = T u ^, yj — T v (j\ with u(j) — > oo,v(j) — )■ oo as j — y oo 
and such that for all j a Skora path connecting a point in the simplex of Xj to y 3 
passes in the no gap metric through a uniformly bounded neighborhood of a base 
tree To. Let pj be a point on this path which has this property. 

Now if the points on the paths r J are normalized in such a way that the Lipschitz 
constant of an optimal map from the fixed tree T) to the points on r° equals 
one and if a,j is a primitive short loop on pj then using again continuity of the 
intersection form and compactness, up to passing to a subsequence the projective 
measured laminations dual to aj converge to a projective measured lamination \x 
with (T, n) — 0. By the first part of this proof, this implies that the sequence Y(j>j) 
is unbounded, a contradiction. □ 

As an immediate consequence of Lemma IB~9l we obtain the analog of Proposition 
6.2 of |K99j . In the statement of the corollary, the set TT is equipped with the 
topology as a subspace of dCV(F n ). 

Corollary 6.10. The identity CV(T„) -> (CV(F n ),d ng ) extends to an Out(T„)- 
equivariant continuous surjective map Y : TT — > dTT. 



Proof. By Lemma Lemma I6T91 and compactness of CV(T„), there is a surjective 
map which associates to a tree [T] £ TT a point in dTT. 

To show that this map is continuous, note that if T — ► T £ TT then there 
is a sequence (r\) of Skora paths starting at a point in a standard simplex A 
so that r\ —y [Ti] (t — > oo) and Vi —t r locally uniformly where r is a Skora 
path connecting A to [T]. From this, hyperbolicity of TT and coarse Lipschitz 
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continuity of T, continuity follows, and Out(F„)-equi variance is immediate from 
the construction. □ 

We are left with describing the fibres of the map Y and the Gromov topology on 
dTT ' . To this end note first that the set of all trees [S] G TT which are equivalent 
to a given tree [T] G TT is a closed subset of TT which is homeomorphic to the 
simplex of projective length measures on [T]. As a consequence, the equivalence 
relation ~ on TT defined above is closed, and the map Y factors through a con- 
tinuous bijection A : TT j > dTT where TT j ~ is equipped with the quotient 
topology. 

Thus it now suffices to show the following. If [T] c TT is any sequence and if 
A(Pi]) — > A([T]) then up to passing to a subsequence, we have [T] — > [U] where 
[U] is equivalent to [T]. 

Assume to the contrary that this is not the case. By compactness of CV(F„) 
there is then a sequence [T] c TT so that Y[T] — > Y[T] and such that [T»] —> 
[S] G dCV(F„) where either [S] £ TT or Y[S] ^Y[T]. 

Now if [S] G TT then by Corollary EH Y[S] = lim^^ Y([T]). Since we 
assumed that Y([S]) / Y([T}) this is impossible. Thus [S] g TT. But this violates 
Lemma 16.81 and completes the proof of the theorem from the introduction. 

We note an easy consequence which will be useful in other context. For its 
formulation, following H09 we call a pair (fi, v) G M.C, x M.C, positive if for every 
tree T £ cv(F n ) we have (T, fi) + (T, v) > 0. 

Corollary 6.11. Let /i, v 6 A4£ &e supported in the zero lamination of trees 
[T],[S] G TT which determine different points in dTT. Then (fi,v) is a posi- 
tive pair. 

In |H09j we defined an F n -invariant set UT of projective trees in <9CV(F n ) as 
follows. If [T] G UT and if fj, G A 7 !/! is such that (T, /i) = then the projective 
class of \i is unique, and [T] is the unique projective tree with (T, fi) = 0. It follows 
immediately from this work that UT C TT (see also [Rl2] ). 

Define the e-thick part cvo(F n ) e of cvo(F n ) to consist of simplicial trees with 
quotient of volume one which do not admit any essential loop of length smaller than 
e. In analogy to properties of the curve graph and Teichmiiller space, we conjecture 
that whenever (r t ) is a normalized Skora path in cvo(F n ) with the property that 
Tti G cvo(F n ) e for a sequence U — > oo and some fixed number e > then T(rt) 
converges as t — > oo to a point in dTT defined by a tree [T] G UT. 
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